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Abstract

The Riemann—Hilbert problems for multiple orthogonal polynomials of types
I and II are used to derive string equations associated with pairs of Lax—
Orlov operators. A method for determining the quasiclassical limit of string
equations in the phase space of the Whitham hierarchy of dispersionless
integrable systems is provided. Applications to the analysis of the large-n
limit of multiple orthogonal polynomials and their associated random matrix
ensembles and models of non-intersecting Brownian motions are given.

PACS number: 02.30.1k

1. Introduction

The set of orthogonal polynomials P, (x) = x" + - - -, with respect to an exponential weight
oo
/ Pn(x)Pm(x) SV(C‘X)dx = hn(snmv V(Cv )C) = chxk’
—c0 k=1

is an essential ingredient of the methods [1, 2] for studying the large-» limit of the Hermitian
matrix model

Z, =/ dM exp(Tr V(c, M)). (1)
One of the main tools used in these methods is the pair of equations
2Py (2) = ZPy(2), 0: Py (2) = MPy(2), n =0, 2
where (Z, M) is a pair of Lax—Orlov operators of the form
Z = A +uy, + v A*, M== ke (2, (3)
k=1
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Here A is the shift matrix acting in the linear space of sequences, A* is its transposed matrix
and (), denotes the lower part (below the main diagonal) of semi-infinite matrices.

The first equation in (2) represents the standard three-term relation for orthogonal
polynomials. Both equations are referred to as the string equations in the matrix models
of 2D quantum gravity [1] and provide the starting point of several techniques to characterize
the large-n limit of (1). A deeper mathematical insight into these methods was achieved
after the introduction by Fokas, Its and Kitaev [3] of a matrix-valued Riemann-Hilbert (RH)
problem which characterizes orthogonal polynomials on the real line, and the formulation by
Deift and Zhou [2, 4] of steepest descent methods for studying asymptotic properties of RH
problems.

The RH problem of Fokas-Its—Kitaev was generalized by Van Assche, Geronimo and
Kuijlaars [5] to characterize multiple orthogonal polynomials. Moreover, it was found [6—10]
that these families of polynomials are closely connected to important statistical models such
as Gaussian ensembles with external sources and one-dimensional non-intersecting Brownian
motions.

In this paper, we generalize the string equations (2) to multiple orthogonal polynomials
of types I and II, and show how these equations can be applied to analyse the large-n limit of
multiple orthogonal polynomials and their associated statistical models. Section 2 introduces
the basic strategy of our approach to derive string equations, which is inspired by standard
methods used in the theory of multi-component integrable systems [11-15]. As it was proved
in [5], the multiple orthogonal polynomials of types I and II are elements of the first row of
the fundamental solution f of the corresponding RH problem. Then, in sections 3 and 4 we
formulate systems of string equations for the elements of the first row of the fundamental
solution f. In both cases the function f depends on a set of discrete variables

s; =2 0 for type I polynomials

= e 74 h .
§= (1852000 8y) € 27, where {si < 0 for type II polynomials.

Therefore, special care is required to determine the form of the string equations on the
boundary of the domain of the discrete variables. Thus, we obtain closed-form expressions,
free of boundary terms, for the string equations satisfied by these types of multiple orthogonal
polynomials. These string equations are associated with pairs (Z;, M;) of Lax—Orlov
operators. In particular, those involving the Lax operators Z; lead to the well-known recurrence
relations for multiple orthogonal polynomials [5].

We take advantage of an interesting observation due to Takasaki and Takebe [16] who
showed that the dispersionless limit of a row of a matrix-valued KP wavefunction is a solution
of the zero genus Whitham hierarchy [11]. This is an additional incentive for using Lax—
Orlov operators [12—15] in order to characterize the large-n limit in terms of quasiclassical
(dispersionless limit) expansions. Thus, in section 5 we show how the leading term of the
expansion of the first row of f is determined by a system of dispersionless string equations
for ¢ + 1 Lax—Orlov functions (z,, m,) in the phase space of the Whitham hierarchy. The
unknowns of this system reduce to a set of g pairs of functions (i, vy), which are determined
by means of a system of hodograph-type equations. Our analysis uses a particular ansatz for the
quasiclassical form of the first row of f. It holds for the so-called one-cut case in the theories
of orthogonal polynomials [18] and random matrix models [19], in which the corresponding
limiting densities of zeros and eigenvalues are supported on one interval [a, b)] C R. In the
multicut case this ansatz is not valid and quasiclassical expansions such as (90) involving only
power series in € do not arise [20]. Finally, section 6 is devoted to illustrate the applications
of our method to reproduce in a simple way several results from models of random matrix
ensembles and non-intersecting Brownian motions.
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The present work deals with multiple orthogonal polynomials of types I and II only, but the
same considerations apply to the study of multiple orthogonal polynomials of mixed type [17].
On the other hand, we concentrate on the description of the leading terms of the quasiclassical
expansions. However, as was shown in [21, 22] for the case of the Toda hierarchy and the
Hermitian matrix model, the scheme used in the present paper can be further elaborated for
determining the general terms of these expansions, as well as their critical points and their
corresponding double scaling limit regularizations.

2. Riemann-Hilbert problems

In this work we will consider (¢ + 1) x (g + 1) matrix-valued functions. Unless otherwise
stated Greek «, B, ... and Latin i, j, ... suffixes will label indices of the sets {0, 1, ..., ¢} and
{1,2,..., g}, respectively. We will denote by E,g the matrices (Eyg)o'p = Saa'dpp Of the
canonical basis and, in particular, its diagonal members will be denoted by E, := E4,. Some
useful relations which will be frequently used in the subsequent discussion are

EaﬂEyA = SﬁyEak; Eo,aEﬂ = aaﬂEO,ﬁ, V matrix a.
We will also denote by V (¢, z) the scalar function
Vie,2) =) e, c=(c,0,...) € C¥, )
n>1

and will assume that only a finite number of the coefficients ¢, are different from zero.
Given a matrix function g = g(z)(z € R) such that detg(z) = 1, we will consider the RH
problem

m_(2)g(z) = m4(2), z €R, 5)
where m(z) is a sectionally holomorphic function and my(z) = lime_o.m(z £ i€).
We are interested in solutions f = f(s,z) of (5) depending on ¢ discrete variables
s =(s(,...,84) € Z4 such that

1
f(s,2) = (1 +0 (Z)) Jo(s, 2), Z — 00, (6)

where

q q
fo(s,2) == ZZ‘Y“Ea, (So = — Zs,-) )
i=1

a=0
The set of points s € Z7 for which (5) admits a solution f (s, z) satisfying (6) will be denoted
by I'. The solution f(s,z), (s € I') is unique and will be referred to as the fundamental
solution of the RH problem ().
We will apply (5) and (6) to derive certain difference-differential equations for f. These
equations contain two basic ingredients: the coefficients of the asymptotic expansion of f (s, z)
as z —> 00

an(s)

fs. =1+ =2 | fols. 2, (7)

n>1

and the ¢ pairs of shift operators 7;, T;* acting on functions A (s)(s € I') defined as

(s —e) if s—e €l
(Tih)(s) := {0 if s—e ¢T.
" __|h(s+e) if s+e €l
(T7h)(8) := {0 if s+e ¢,
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where e; are the elements of the canonical basis of C4.
We will often consider series of the form

o0 o0
A= ()T +ch+ Y ()T,
n=1 n=1

and will denote

(D = ()T, (Ao = ch+ Y ch(S)T ®)

n=1 n=1

The RH problem (5) admits the following symmetries:

Proposition 1. Assume f (s, z)(s € I') is a solution of the Riemann—Hilbert problem (5).

(1) If h(s, z)(s € ') is an entire function of z, then h(s, z) f (s, z) satisfies (5) for all s € T'.
(2) The functions (T; f)(s, z) and (T} f)(s, z) satisfy (5) for all s € T.
(3) If g(2) is an entire function, then for any entire function ¢ (z) such that

g 'pg =0 —g 'o.g. 9)
the covariant derivative
D.f:=0,f— féo, (10

satisfies (5) for all s € T.

Our strategy to obtain difference-differential equations for f is based on applying the
next simple statement to the symmetries of (5).

Proposition 2. Let f(s, z) be a solution of (5) defined for s in a certain subset Ty C T'. If
f(s,2)f(s, 7)1 — P(s,z) — 0as z — oo, where P(s, 7) is a polynomial in z, then

f(s,2) = P(s,2) f(s,2).

Proof. Since detg(z) = 1 it follows from (5) and (6) that det f (s, z) = 1 so that the inverse
matrix (s, z)~! is analytic for z € C — R and satisfies the jump condition

g7 (s, 07 = fuls, )7, zeR.

As a consequence f f~! is an entire function of z and the statements follow at once. (|

3. Multiple orthogonal polynomials of type I

Given g exponential weights w; on the real line

7V(C,,X)’ Cci = (Cilv Ci2, .. ) € COO’

w;(x):=¢e
andn = (ny,...,ny) € N? with [n| > 1,if
An,x) =(Ai(n,x),..., Ay(n, x))

are polynomials such that

Aj(n,x)hasdegreen; —1 for n; >1 and A;(n,z)=0 for n; =0 an
which satisfy the orthogonality relations
dx [ < 0 [=01,...,|n -2,
/Rz_mx ;Aj(n,x)wj(x) = {1 I -1, (12)
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then A;(n,x) are called orthogonal polynomials of type I. We assume that the solution
A(n, x) of (11) and (12) is unique for each n such that |n| > 1 (strongly normal condition
for multi-indices [17]).

The RH problem which characterizes these polynomials [5] is determined by

1 o 0 ... 0
—wi(z) 1 0 ... 0

8(z) = : S : . (13)
—wy( 0 ... 0 1

The corresponding fundamental solution f (s, z) exists on the domain
y={seZ?:5, 20,Vi=1,...,q} (14)

For s # 0 it is given by

R(s,2) A(s, 2)
di'R(s+e.2) di'A(s+ey,2)
f(s’ Z) = . . £
e Al (15)
d, R(s+ey,2) d, A(s+ey,2)
de Y1 Aj(s, 0)wj(x)
R(s,2) :=/ —X.Z’_l ’ s
R 27i 7—X
where d; is the leading coefficient of A;(s + ¢;, z). Furthermore, for s = 0
1 o0 --- 0
Ri(z 1 0 - 0
dx w;(x
0,7 = R@ 0 T - 0 R;(2) r=/ TL- (16)
. .. . R2mWiZz—x
Ryz) 0 0 --- 1

Because of the form of I"; we have that

h(s—e;) if s >1

(Th)(s) = his+e),  (Tih)(s) = {0 it 5 =0

for functions i (s)(s € I'y). It is clear that
T;*’Tl = ]L 7117;* = (1 - 35,‘,0)]17

where I stands for the identity operator. Sometimes it is helpful to think of the functions A (s)
as column vectors (h|s—=o, Als,=1, I|s=2, - - )T. Thus, in this representation, T;, 7" become
the infinite-dimensional matrices

00 0
1 00 0
7 = 010 0

1

01 0
001 0 ..
000 1 ..]| I, =
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3.1. The first system of string equations

From the asymptotic expansion (7) we have that as z — oo

(T f = <1+M+O<i)) (on+5+1—E0—E,-> <1—@+0<l>>
z 72 z z 72

1
=zEy+a(s—¢e)Ey— Epa(s)+1 — Ey— E; +O <—> , Vsel;+e;,

<

where we denote

a(s) := ai(s).

Hence by applying proposition 2 it follows that

(Ti f)(s,2) = (zEo +a(s — €)Ey — Eoa(s) + I — Eg — E;) f (s, 2), sel +e

which implies

(TEof)(s,2) = ((z — ui () Eo — Zaw(s)Eo,,-)f(s, 2,  Vsel +e, (17)

J
where

u;(s) 1= apo(s) — apo(s — €;).
Similarly one finds
(T¥Eof)(5.2) = aoj(s + € Eo; f(s.2).  Vsely. (18)

Note that as det f (s, z) = 1 for all (s, z) € I'; x C then, as a consequence of (18) we deduce
that

apj(s+ej) #0, Vsely.
If we now define
vi(s) := aoj—(s)’ sely, (19)
apj(s+ej)

then from (17) it follows that

Proposition 3. The function f satisfies the equations
2(Eof)(s,2) = <Ti +ui(s) + Z vj(S)T,-*>(Eof)(8, 2), (20)
J

forallseT;+eandi=1,...,q.
As a consequence we get the following system of string equations.

Theorem 1. The multiple orthogonal polynomials of type I satisfy

A(n,2) = <Ti +ui(n) +Zvj(n)T,-*)A(n, 2), 2n
J
forallmneT;+e;andi=1,...,q.

For g = 1 equation (21) reduces to the classical three-term recurrence relation for systems
of orthogonal polynomials on the real line.

6
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On the other hand equation (21) implies
An—e;,z) — An —ej,z) = (ap(n — e;) — apn(n — e;))A(n, 2),
VneI‘,+e,~+ej, l;ﬁ‘]

The relations (21) and (22) lead to a recursive method to construct the multiple orthogonal
polynomials of type I. Indeed, it is clear that for n = n;e; we have

Anie;, ) = AV (i, e = (0,...,0, A (1, 2),0, ..., 0),

where Aﬁi)(ni, z) are the orthogonal polynomials with respect to the weight w;(x). Then

starting from A(li)(ni, z) and using (22) we can generate the multiple orthogonal polynomials
of type I for higher ¢.

Example. Let us denote by /; , the moments with respect to the weight w;

L= /R %x”wj(x). (23)
We have that
1 Loz — I
Al(l,z)—r’o, AI(Z’Z)_—II,OII,Z_IEJ.
The recurrence relation (21) forg = 1 is
agi(n+1)
Ai(n+1,2) = T(n)[(z +ag(n — 1) —apm))Ai(n,z2) —Ai(n —1,2)], Vn=2,

(24)

where according to (15)

dx
aoo(n) = / ——x"An, x)w; (x). (25)
R 27i
Moreover, the normalization condition gives us
ao (n) dx
———— = | ;=x"[(x+ae(n —1) —ap®@)A®,x) — A — 1, x)]w (x). (26)
apg(n+1) 2mi

The system (24-26) allows us to construct the polynomials A(n, z) for n > 3. For example
one obtains

(12, — holi2)2? — hahs+Uohs — L)z + 1,
Iy—Q@Lahs+ Lol o+ holl s+ 1714

If we write (22) in the form

An—e;,z2) —An—ej,2)

A1(3.2) =

An,z) = , nel;+e +e;j, 27
app(n — e;) —ap(n —e;)
and take into account that
d q
doo(n) = / S5m0 S Y A, 0w (x), (28)
R 2mi P

we can construct all the multiple orthogonal polynomials of type I. Thus, for example for
g = 2 we obtain

1
A(lv lv Z) = (12.0’ _11,0)7
Ci

1
A2, 1,7) = c (hoho — Lk +2(ohy — Iiibo), 1T — $iolyo).

2
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where
Cr:=hho— Lol
G = 12,2112,1 —hshohy— habah+ 112,212,0 +holishy —Liolipho.

3.2. Lax operators

The functions fy; (s, z7) = A;(s, z) can be written as series expansions of the form

Joi(s,2) = (all—(S) + %i2(3) +.- ) 7%,
Z

72

where
ain(8) =0, Vn=>s +1. 29)
On the other hand, it is easy to see that

n—1
1
T;_rlzs,' — _n (ZS,' _ sz(ssi—k,0> . (30)
< k=0

Hence, from (29) and (30) it is clear that
@i n+1(8+€;)
—d

=t (s +€) T2, Vin>l,
Zn
so that we may write
foi(s +ei,2) = (Gi&i)(s, 2), §i(s,2) =2", seTly,
where the symbols G; are dressing operators defined by the expansions
Gi=) am(s+e)T!".  an(s+e) = (@u(s+e), 31
n>1
or, equivalently, by the triangular matrices
Go O 0o ..
Gio G O 0

G; = Gy Goy Gx 0 A Gun = i n—m+1 (s+ ei)|s[:m-

The inverse operators can be written as

1 1
Gl = Zﬁm(s)Ti”*l, Bii(s) =

ai(s+e) ap(s+e)

n>1
We define the Lax operators Z; by
2 =G T G; . (32)
It follows at once that they can be expanded as
Zi=yi@®T +) v, (33)
n>=0
where
N a;i(s+e;)
Yi(s) = ai(s+e)(T;7fi)(s) = —————— =vi(s+ &). (34)
o;1(s +2e;)

Proposition 4. The functions fy; satisfy the equations
zfoi(s +ei,2) = (Zi foi)(s + e, 2), Vserl;. (35)

Proof. From the definition of G; we have
zfoi(s+ei,2) = Gi(z&) = (G T") (&) = (Zi fo) (s + e, 2). O
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3.3. The second system of string equations

Let us consider diagonal solutions

() =) $u(2)Eq

of condition (9) corresponding to the function g(z) of (13). They are characterized by
Bzwi—¢0w,~+¢,~w,~=0, i=1,...,6].

In this way, by setting ¢y = 0 we obtain

®(2) =) Ve, DE:.
The corresponding covariant derivative is

D.f:=d.f - Z V'(ci,2) fE:. (36)
Hence we have

D-(Eof) = d-fooEo+ Y (0 foi — V'(ci, 2) for) Eoi- (37)

It is clear that (35) implies
anOi(S+6i,Z)= (Zinf(),‘)(8+6,‘,z), Vsely. (38)

On the other hand, as z — oo

1
() (—) 7%, for o =0,
K\ "
(T fods ) = {0 nz 1,
O(—)zs", for a=i#j,
z (39
1
O( )zs', for s >n,
(T foi) (s, 2) = zH n>0
0, for s; <n,
Proposition 5. The function f satisfies the equation
(D, +H)(Eo f)(s,2) =0, Vsel,;+) e (40)
J
where 'H is the operator
q
M= V(e 2))im- 1)

j=1

Here ()(;j +) denote the projections defined in (8).
Proof. Given s € I'; + ), e; let us denote

sV :=s—¢ € F1+Zek.
ki
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From (37) it follows that

q
(D; + H)(Eof) = [3sz0 + Z V'(c;, Zj)(j,+)f00:| Ey

j=1
q q
+ Z |:azf0i + Z V'(e;, Zj) o for — V(i Z)fo;}EOi- (42)
i=1 =1
Now from (39) we have

q
! 1 S
9z foo + Z Vilej, Zj) i+ foo =0 <E> z%,

=1
1
0. foi + Z Vi(ej, Z) o for =0 <—) z%,
J# N
1
V'(eis 2w — Ve, 2)) foi(s,2) = Ve, 2i) — Ve, 2) foi(s,2) + O (E) z%.

Moreover, from (38) it is clear that
(V'(ei, Z1) = V'(ei, ) foi(s, 2) = (V' (e, Z0) = V'(€i, 2) foi (s + e, 2)
= nci (27 =" foi(s¥ + e, 2) = 0.

n>1

Therefore we find
(D; +H)(Eof)(s,2) =0 <%> Jo(s, 2), Z — 00.

The first member f := (D.+H)(Eo f) of this equation is a solution of (5) forall s € T'; +Z_,' €;
and f(s,2)f(s,z)”' — 0as z — oo. Therefore, the statement of proposition 2 implies

f=0. (]
As a consequence we deduce the following system of string equations.
Theorem 2. The multiple orthogonal polynomials of type I satisfy
q
0.Ai(n.2) = V'(ci. Z2)Ai(n.2) — Y V'(ej. Z))(mAi(n. 2), (43)

Jj=1

foralnel;+) ecandi=1,...,q.

3.4. Orlov operators

We define the Orlov operators M; by

M;:=G;-s;-Ti -G . (44)
They satisfy [Z;, M;] = I and can be expanded as

M =" pin(8)T, (45)

n>1
where
S;
wi1(s) = . (46)
v;(8)

10
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Proposition 6. The functions fy; satisfy the equations
9, foi (s +€i, 2) = (M, for)(s, z + €), Vsel;. 47)

Proof. From the definition of G; we have

3. foi (s +ei,2) = Gi(s;z &) = G; - 5;(Ti&)
=G5 T, -G, foi(s+e,2) = M; foi (s +e;, 2). 0

4. Multiple orthogonal polynomials of type II

We consider now g exponential weights w; on the real line

V(ci,x)

w;(x) :=¢ c; = (ci1, ¢cip, ...) € C™.

Note the difference in the sign of the exponents with respect to the weights for multiple
orthogonal polynomials of type I. Given n = (ny,...,n,) € N9, if P(n,x) = x" +...isa
monic polynomial satisfying

/P(n,x)w,-(x)xfdx=o, j=0,...,n —1, (48)
R

then P(n, x) is called a type II orthogonal polynomial. We assume that the solution P(n, x)
of (48) is unique for each n € N? (strongly normal condition for multi-indices [17]).
The RH problem for the multiple orthogonal polynomials of type Il is determined by [17]

I wi(z) wa@) ... wy(z)
0 1 0 0
o=, . | (49)
0 0 0 1
Its fundamental solution f (s, z) exists on the domain
yy={seZ?:5;,<0,Vi=1,...,q}. (50)
Fors; < —-1,Vi=1,...,q,itis given by
P(n,z) R(n,z)
diP(n—e,z) dR(n-—e}z)
f(s,2) = ) ) , §=-n,
: : (51)
d,P(n—ey,2) dyR(n—ey,2)
dx P(n,x)w;(x) 1 dx ni—1
Ri(n,z) = _— — == —Pm—e;,x)w;(x)x"7".
R 27T1 X —2Z dj R 27'[1

For the remaining cases, in which one or several s; vanish, one must insert the following
corresponding row substitutions in (51)

diP(n—e;,z) dR(n-—e;,z)— 0 e). (52)
In particular,
I R R(z2) -+ Ry
0 1 0 0 .
FO,=| L , R,(z):/%w’—(x).
. : : R 41X —2Z
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In view of (50) we have that

h(s+e;) if 5 <—1,

(Tih)(s) =h(s —e).  (T7h)(s) = {o it 5=0

for functions k(s)(s € I';;). Note also that

Tle* =1, Tz*Tl =1- 8.?;,0)]17
where [ stands for the identity operator. If we think of h(s) as a column vector
(hlxl.zo, hlg=—1, hls=—2, ... )T, then 7;, T are represented by the infinite-dimensional
matrices

o1 0 ... ... 0 0O
Ooo0 1 0 ... 1 0 0 O

i=lo00 1 ..| =10 10 o0
4.1. The first system of string equations
The same analysis as in subsection 3.1 leads now to the equations
(TiEof)(s.2) = ((z — ui(8))Eo — Zaw(s)Eo,-)ﬂs, ). Vsely, (53)

J

where

u;(8) :=apo(s) — apo(s — €;).
Similarly one finds

(T7Eof)(s,2) = apj(s +€;)Eo; f(s,2), Vsel —e, (54)
and taking into account that det f (s, z) = 1 for all (s, z) € I';; x C, from (54) we obtain

a()j(S);éO, VSEF”.
Now we define

w8 e, e
vi(s) = { aj(s+ej) (55)
0, for s; =0.

Note that the functions v;(s)(s € I';) for multiple orthogonal polynomials of type I defined
in (19) also satisfies v;(s) = 0 for s; = 0.
If we now recall that according to (52)

Eyj f(s,2) = Eqj, for s; =0,
from (53) it follows that

Proposition 7. The function f satisfies the equations
2Eof(s,2) = <Ti +u;(s) + Z Uj(S)Tf) (Eof)(s,2) + Z 3s;.0a0;(8) Eoj, (56)
J J

foralls e Tirandi =1...q.
As a consequence we get the string equations.

12
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Theorem 3. The multiple orthogonal polynomials of type II satisfy

2P(n,2) = (n +ul~(—n>+2v,~(—n)T;)P(n, 2, (57)
J
forallmandi =1,...,q.

These equations provide a recursive method to construct multiple orthogonal polynomials
of type II. We may write (57) as
P(n+ej,z) —ap(-n+e;j)P(n,z) = (z—ap(—n))P(n,z)
1 apr(—n)
- Y ————Pn-e.2), (58)
st ap(—n — ey)
where, according to (51), we have that

ago(—n) = coeff[P(n, z), ™1

’

(59)

d
agr(—n) = —/ 2—x.P(n,x)x”kwk(x)dx.
R 471

On the other hand, multiplying equation (58) by z"/w;(z), integrating on R and using the
orthogonality condition for P(n + e}, z), we obtain

dx .
ap(—n +e;) [—A%P(n,x)x /wj(x)j|

q
:/ |:(x —ap(—n)P(n,x) — Z MP(n—ek,x)}x”fwj(x)dx,
R

i1 apr(—n — ey)

so that

1
ap(—n+e;) = m/ﬂ; |:(x —ap(—n))P(n, x)
j

q
-y MP(n—ek,x)}x”fwj(x)dx. (60)

b1 apr(—n — ey)

The system (58—60) determines the multiple orthogonal polynomials of type II in terms of the
moments [ .

Example. For g = 1 is clear that
I
P0,2) =1, P(l,2) =z— —.
Lo

From (58-60) we easily obtain that
(holis—Iinlinz 1a—Tiks
I, —TLiolis ¥ I} —nLohy'
(= hstE + 830+ Lolialiy — 1T 0 s — Lol sha+ 1ol o1 5) 2
Iy = Qhahs+holha)ha+ holfs+ 17 114
(— 11,4132 + 112,311,2 +Lihshy+ 11,01ﬁ4 —nLihizlhia— 11,011,311,5)1
[13,2 —2hLisho—TLiolhalip+ 11,0112,3 + [12,1[1,4
By —2holials—Lahshs+ 1ol + 150 s
I}y —2haLshy— Lolhahio+ holls+ 17 1ia

PQ2,z7) =27+

P3B,2) =2+
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To determine the orthogonal polynomials for g > 2 we use the property
P(niej, ) = P (n;, 2),
where P (n;, z) are the orthogonal polynomials for ¢ = 1 with respect to the weight w; (x).
For example for ¢ = 2 and j = 2, equation (58) yields
(Iipho—hoh2)z N Loby— Lo
Loby—hibo  Labo—Tlioh:’

P(1,1,2) =2"+

P2,1,2)=2
N (=hsl} + Lhabohy+ Lishaliy — Lol sho — Tiolialy + 1ol 21 3)2?
Iz,zlﬁl —Lisholi 1+ 112,212,0 +holi3h — Lip(I1h) + 1 pl)
(Lolfs —liihals — Lobsls— Loliaho+Loliaho+1Li120h3)z
12,2131 —nLisholiy — Lol 1 + 112,212,0 + 5 oh3h) — Lioliahy
Lliy — Lhaba Lo+ Eshy+ ILiahy — Lis(hoho + 1 Ds)

2 2 :
—LoIi + haholi+ hiolhnhy — I b — Loligh +1ioliohy

4.2. Lax operators

Let us introduce dressing operators G; according to

foi(s,2) = (Gi&)(s, 2), Gii=Y (ST in(8) = (@n1)0i(9),
n=0

where s € T'y; and &(s,z) = 7% L.

triangular matrices

In the matrix representation they are given by the

Gy Goi G
0 Gun Gn Gz
G, = 0 0 Gy Gy ...|° Gun = ®im—n (3)|s,-:7m-

The corresponding inverse operators are characterized by expansions of the form

1 1
Gl = Zﬁin(s)Tin, Bio(s) =

a;o(s) - api(s)’

n=0
We define the Lax operators Z; by

Z =G, T'G;". (61)
It follows at once that they can be expanded as

Zi =y + Y yin(9)TY, (62)

n=0

where

¥i(8) = aio(8)(T; Bio) () = vi (). (63)

Proposition 8. The functions fy; satisfy the equations
zfoi (8, 2) = (Zi f0i) (8, 2) + a0i (8)d50, Vsely. (64)

Proof. From the definition of G; we have
zfoi(8,2) = Gi(z&) = Gi(T (&) + 85,0) = (Zi foi)(8, 2) + in(8)8y,0,
where we have taken into account that
Tin(Ss[O) 2851._,,’0:0, Vnzl, sely. O

14
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4.3. The second system of string equations

The diagonal solutions

() =) $u(2)Eq

of condition (9) corresponding to the function g(z) of (49) are characterized by
o, w; + pow; — ¢jw; =0, i=1,...,q.

Hence, setting ¢9 = 0 we obtain

() =) V(e )Ei. (65)
The corresponding covariant derivative is
af /
D.f =3~ —ZV (¢, D) fEi, (66)

so that we may write

D (Eo f) = 9: fooEo + Z(aszi — V'(ei, 2) foi) Eoi- (67)

In order to take advantage of the last identity we observe that (64) can be generalized to

n—1

2 foi(8,2) = (2 for)(8,2) = D Py (8, D8sar0,  VSET,  (68)
r=0

where the coefficients p((;l)r)(s, z) are polynomials in z. On the other hand we have that as
7 —> 0

1
O(—)zsﬂ, for ¢ =0, s;<-—n,
Zl’l
yn = 1 >
((@7)" fou) (8, 2) o <—) z%, for a=i#j and s;<-—n, n>1
z (69)
0, for s; > —n,
1 .
(T foi)(s,2) = O (Zn+l > , n20.
We are now ready to prove the following result.
Proposition 9. The function f satisfies the equation
q
(D +H)(Eof)(s,2) = ZAi(S,Z)EOi, Vsely, (70)
i=1
where H is the operator
q
M=) V'(ci Z)jn (71)
j=1
and A; (s, z) are functions of the form
Ni
Ai(8,2) =Y Pim (8. Dm0, (72)

n=1
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with pi . (8, 2) being polynomials in z and N; = degreeV (c;, z) — 2.
Proof. From (67) it follows that

q
D.(Eof)(s,2) +H(Eof)(s,2) = |:3sz0 + Z V'(cj, Zj)(j.+>f00i| Ey

j=1

q q
+y |:3sz5 +> V(e 2 foi — V(@i Z)fOi]EOi- (73)
i=1 =1

Using (69) we find

d 1
9z foo + Z Vi(ej, 2w foo = O <E> z%,

Jj=1
d; foi + Z V'(ej, Z)) o Joi = O (%) 2,
J#i
(V'(ei, Z) o — V' (e, ) for = (V/(ei, 1) = V(€. 2) foi + O (%) "% (74)
On the other hand (68) implies
(Vi(ei, 20 = Vilen D) for = Z”Cin(zf_l — 2" for = Ai(s,2) for, (75)

n>1

where

n—2
Ai(s, 2) := chm Z pgf,_)l)(s, 2)85,47,0- (76)

n>1 r=0

Hence equation (73) says that

1 1
uxwm&ﬁwm—zyuam%=0(ﬁﬁmJ»

i=1
The first member of this equation is a solution of the Riemann—Hilbert problem for all s € 'y,
so that from proposition 2 the statement follows. ]

As a consequence we deduce the string equations.

Theorem 4. The multiple orthogonal polynomials of type II satisfy

q
0.P(n.2)+ Y _V'(ej. Z))(jmP(n.2) =0. (77)

J=1

4.4. Orlov operators

We define the Orlov operators M; by

M;:=G;-(s; —1)-T; -G " (78)
They satisfy [Z;, M;] = I and can be expanded as
Mi =" win(T} (79)
n>1

16
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where
Si — 1
Rir(8) = ————. (80)
vi(s —e;)
Proposition 10. The functions fo; satisfy the equations
9 foi (8, 2) = (M, foi) (s, 2), Vsely. (1)

Proof. From the definition of G; we have

O foi =Gi((si — Dz "&) =G - (si — DV(Ti&) =G - (si — 1) - T; - GflfOi = M, foi. |

5. The large-n limit

The large-n limit of multiple orthogonal polynomials is closely connected to the guasiclassical
limit of the functions fy, (s, z). In this section, we will consider these functions for large values
of the discrete parameters s;

si > 1,Vi (Typelcase); s; K —1,Vi (Type Il case).

Note that in particular the string equations (56) and (70) simplify since all the § terms vanish.
As a consequence the resulting equations are the same for both types of multiple orthogonal
polynomials and can be summarized as follows:

Z2foa = (T,- +u;(s) + v_-(s)T-*)fa, Va,i;
O ; J j O (82)
9 foo = —H foo, 0; for = (=H +V'(ci, Z)) foi-

In order to define the large-m limit we introduce a small parameter €, define slow variables
q

l = €siy; fo:=—Y t, ti= (..., 1), (83)
i=1

and rescale the exponents of the weight functions (13) and (49) as
Ve, 2)
w; (€, 7) = exp T )

where the exponent sign is negative (positive) for polynomials of type I (type II). Moreover,
we perform a continuum limit in which as € — 0, the discrete parameters s; tend to +00 (—00)
for the type I case (type II case) and ¢, become continuous variables.

The problem now is to determine solutions fy, (€, ¢, z) of (82) defined for ¢ on some
domain Q2 of R?, that have the quasiclassical form [16]

1 1
foale, t,2) = 7001 exp <—Sa>, Sy =ty logz + Z —Sun» (84)
€ n=0 "
where
Sen = D_€'SEI®.,  n>0 S =0.
k>0

Note the leading behaviour

1
foale. t,z) = 2% Texp (-sa + (9(1)), as € — 0, (85)
€
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where

San(t), Sen =S S =0,  (86)

an’

1
Su(t, 2) = l‘alogz+z_n

n=0

are the classical action functions.
In terms of slow variables the operators 7; and 7;* become

ad
T; = exp(—€d;), T} =T, " = exp(ed;), o

=, 87
i o 87

so that they define translation operators Tiil F(t) = F(tFe€e;). Hence, we have the following
useful relations

T foo = exp(F8; Sy + O(€)) fou- (88)

It is now a simple matter to deal with the corresponding dressing and Lax—Orlov operators.
Indeed, expressing the functions (84) in the form

oy (e, t) t
o e 2 ().

n>1
we have
t4
for = Giexp (élog z) , Gii= Y ain(e. )T},
n>1
Z =G, TG, M; =G, -t;-T;-G; .

We can also introduce Lax—Orlov operators associated with fyy. In fact we may do it in ¢
different ways

0) 1o ) -
foo = Gy’ exp (zlogZ>, G, =1+Za0n(6,t)7",~ ",
n>1
. . N . . ~ N
Z(gl) = G(()Z)TZ(G(()Z)) , M(()l) = G(()l) 1o T; 1, (G((]l)) .

In terms of Lax—Orlov operators and taking into account the assumption (84) the system
of string equations (82) becomes

Zfow = 2o fou = (Tj +uj(e, t) + ZVk(E, t)Tk_l>f0av Va,j;
k (89)

€9 foo = Mo foo = —H foo, €d. fo; = M; fo; = (=H +V'(cj, Z))) fois

for all choices Zy = Zéi) , Mo = Mg). It follows from (84) that the recurrence coefficients
u; and v; can be written as quasiclassical expansions of the form

W= @)+ Y i), vi=v@)+ Y vt (90)
n=1

= n=I

5.1. Leading behaviour and hodograph equations

Our next aim is to characterize the leading behaviour of the solutions fj, of (89). More
concretely we are going to see how the leading terms

u = (u1(®), ..., uy(t)), v = (vi(t), ..., v,(1)),

of the recurrence coefficients (90) are determined by a system of hodograph-type equations.

18
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In order to formulate the classical limits (z,, m,) of the Lax—Orlov operators (Z,, M)
we observe that as a consequence of the first group of string equations in (89) we have that

(T; +ui(e, ) foo = (T; +u;(€, 1)) fou, Vi, j,a. ©On
Then, using (88) we obtain
exp(—0; Sy (¢, 2)) +u; () = exp(—0;S8,(t, 2)) +u;(t), Vi, . (92)

In view of these identities we define z, (¢, p) by the implicit equations

p = exp(—0;Sa(t, 2o (¢, p))) +ui(2). 93)

Note that according to (92) these definitions are independent of the value of the index i used
in (93). Moreover, (93) implies

0iSa(t, 2a) = —log(p — ui(t)). (94)

From the asymptotic expansion (86) of the action functions S, and the defining equations (93)
it is straightforward to prove that the Lax functions can be expanded as

2 v (t)
=p+)y O;n : p— o0,
n=I . (95)
5D S @ — 1) ()
i=—————+ ) vuQ)p—uy ) p — ui().
p—ui(t) =

On the other hand, we define the corresponding Orlov functions m (¢, z,) by

me(t, zo) = 0;8(t, Za). (96)

The definitions (93) and (96) provide the classical limits of the Lax—Orlov operators. Indeed,
from (89) it follows at once that

(24 foo) @, 2o (E, P)) = 24 (X, P) fou (X, 2o (E, D)),

o7
(Motha)(t, Za(tv P)) = (mot + O(E))an(t, Zot(t’ P)),

for all choices of 2, = Zéi), My = /\/lg). In particular this means that all the pairs of
Lax—Orlov operators (ZO(’), M(()’ )) have the same classical limit given by (zo(¢, p), mo(t, p)).

Theorem 5. The Lax—Orlov functions satisfy the classical string equations

{Z():Zl:...zzqu(u,'U,p)a (98)
mo=m;—V'(er,z1) = =my — V'(ey,zy) = —H(u, v, p),
where
. +2‘1: v (®) . zq: Ve 20 (99)
= —_—, = » TR,
p — p—u(t) pa B

and () .+ stand for the projections of power series in (p — uy)", (n € Z) on the subspaces
generated by (p — uy) " (n > 1).

Proof. Taking into account that

T} fou(t 2a (P, 1) = (p — u))" + O(€) foat, za(t, p)),  n=%1,£2,...,

it is easy to see that the equations (98) are the classical limit (¢ — 0) of the system (89). U



J. Phys. A: Math. Theor. 42 (2009) 205204 L Martinez Alonso and E Medina

In view of the first group of equations in (98), it is clear that the functions w and v are the
only unknowns for determining the Lax—Orlov functions. However, the Lax-Orlov functions
must satisfy the correct asymptotic expansions. Obviously, the functions z, = FE satisfy (95).
Nevertheless, equation (86) requires the Orlov functions to satisfy

f 1 Sgn (t)
My = — — -, as  zy — 00, (100)
Za o1 zy

and this behaviour must be compatible with the second group of equations in (98)
m0=—H(’u,, v, p)’ m; =V/(Ci3E)_H(uv v, p)? (101)
where we have already inserted the substitutions z; = E. Let us analyse equations (101) in

terms of series expansions as p — oo for mg, and as p — u;(t) for m;. If we take into
account that

1 1 1 1
—=—-+0(=). H=0[-]), p — 00,
20 P p p
1
— =0Up —ui)), = O(1);
Zi p—u;
V'(e;, E) — H=0Q), Jj #i, p — u;(t),
then the consistency between (101) and (100) requires
dp
.—H(u,/U, p) = —t(), (102)
vo 217
and
f dp V/(civE(uavvp))_H(uvvap) _O
v 21T p—u -
/ (103)
f dpV(civE(U,'va))_H('U/,'va)_ ti
it (p —u;)? v

These conditions are obtained by comparing coefficients of p~! and (p — u;(¢))" with
(n = 0, 1) in the equations (101) for mo and m;, respectively. Here y; are positively oriented
small circles around p = u; such that p = u; is outside y; for all j # i, and yy is a large
positively oriented circle that encircles all the y; (see figure 1).

Identifying the coefficients of the remaining powers p~" and (p — u;(¢))" in (101)
determines the Orlov functions in terms of (u, v).

The equation (102) is a consequence of the second group of equations in (103) and the
fact that 7y := — Zl- t;. To see this, note that

H(p)dp= ¢ H(p)d,E(p)dp,
Yo Yo
7{ (V'(ei, E(p)) — H(I?))L2 dp = —?g (V'(ei, E(p)) — H(p))3,E(p)dp.
Vi (P - ui) Vi
Hence
—y§ H(p)dp+ Zyg (V'(er, E(p)) — H(p)) —— dp
70 i Jvi (p—ui)

= — @ H(pP)E(p)dp =Y _ ¢ (V'(ci, E(p)) — H(p)I,E(p)dp
Yo i Vi

- ¢ _ HOWE =Y § Ve EGp)y,Ep)dp =0,
Yo—2.Yi i i

20
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p-plane
70

Figure 1. Circles y, in the hodograph equations.

where we have taken into account that V'(c;, E(p))d,E(p) = 9,(V(c;, E(p))). Moreover,
H(p)d,E(p) is arational function of p with poles at the points p; = u; only and

Yo=Y % ~0 in C\{p1,..., Py}

Therefore we are finally led to the system (103) of 2g equations for determining the 2g
functions u;, v;. These equations are of hodograph type as they depend linearly on the
parameters ¢ and ¢;. For example the first few terms are

(cio — €j2)V;
c,-1+26,~2u,-+24+--~20

i bti—Mj
(cHE Cin)v t, (104)
i2 — Cj2)V; i
2i — _— e = —,
@ Z (i —uj)? v;

J#i

5.2. Connection with the Whitham hierarchy
If we assume that the coefficients c¢; of exponents of the weight functions (13) and (49) are
free parameters and write them in the form

Cl’:t()—ti, ta:(toz]w-"tomw--)ecoo’ (105)

then, as we are going to see, the solution of (98) turns out to determine a solution of the
Whitham hierarchy of dispersionless integrable systems [11].
Let us introduce the modified Orlov functions

My =V (ty, 24) + My. (106)

It is clear that (z4, 71) solve the system
LTE T (107)

Mo =my =--=m,.

Moreover, they are rational functions of p with poles at the points p; = u; only. Furthermore,
they satisfy the asymptotic properties (95) and

t nSgy, (t)
~ —1 o an
My = E Ntgn2y  + — — E — as  zy —> 00.
n>1 “ a1

21
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Thus, the functions (zy, 7,) satisfy all the conditions of theorem 1 of [15] and, as a
consequence, they satisfy the equations of the Whitham hierarchy

02 oy
= Q b 9
8t;m { un M 8t;m

= {Qun, Mo}, (108)

where the Poisson bracket is given by
0F G 0JF oG
{F.G} = —— — ——, X = o,
ap ox dx dp

and the Hamiltonian functions are

n
L () n=1 (109)
" —log(p —u;), n=0, u=i=1,...,q.

Here (-)(,+) stands for the projector on {p"}°2,.

In this way we conclude that (z,, 14, as functions of the coupling constants ¢; = ty — t;,
determine a reduced solution of the Whitham hierarchy. This property is in complete agreement
with the results of recent works [16] which prove that the universal Whitham hierarchy can be
obtained as a particular dispersionless limit of the multi-component KP hierarchy. Moreover,
as it has been observed in [27], appropriate deformations of the Riemann—Hilbert problems for
multiple orthogonal polynomials determine solutions of the multi-component KP hierarchy.
In fact these deformations correspond to the flows induced by changes in the parameters %,,.
Indeed, for both types of multiple orthogonal polynomials, (105) implies

0,8 = [Z"Eq, gl.
Therefore the covariant derivatives
Domf = aomf + anEa

are symmetries of the corresponding Riemman-Hilbert problems. Hence, using proposition 2
one concludes that

danf + (@ fELfH_f =0, (110)

where ()_ stands for the projections of power series in zX, (k € Z) on the subspaces generated
by 7k > 1. Equations (110) constitute the linear system of the multi-component KP
hierarchy.

6. Applications: random matrix models and non-intersecting Brownian motions

As we have seen, the multiple orthogonal polynomials of type I are the elements fy; of the
fundamental solution of their associated RH problem. Thus, in the quasiclassical limit we
have

1 1
A;(n,z) ~ —exp (‘Si(t, Z))> , as € — 0,
z €
where S; = S; (¢, z) are the classical action functions defined in (86). Hence
€d.log A (1, 2) ~ 0.85;(£.2) — © = mi(t.2) — <. (1)
Z z

On the other hand, if we denote by x; the roots of A;(n, z) we have

ni—1 1

aZ log Ai(n9 Z) = Z

i=1

T — X

22
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Thus if we assume that in the large-n limit the roots of A; are distributed with a continuous
density p; = p;(x) on some compact (possibly disconnected) support I; C R

ni—1
i 1 i
ey ~/ LACY as €—0 (112)
o <X 2= X
from (111) and (112) we deduce the important relation
m; () =/ ) gy (113)
[ Z—X

where m;, I;, and p; depend on the slow variables ¢. This means that the Orlov functions m;
are the Cauchy transforms of the root densities p;. Hence, they determine the distribution of
roots in the large-n limit according to
mi(x) —m;_(x) = =2imp;(x), x €l (114)
Moreover, from (100) we see that
/ pi(x)dx =1t. (115)
I;

On the other hand, the multiple orthogonal polynomials of type II represent the element
foo of their associated RH problem. Therefore, in the quasiclassical limit we have

1
P(n,z) ~ exp (ZSo(t, z)) , as € — 0.

Thus if we assume that in the large-n limit the roots of P(n, z) tend to be distributed with a
continuous density pp = po(x) on some compact support Iy C R, we deduce

mo(z) = f POl 4 (116)
Il

—X

where my, Iy and py depend on the slow variables ¢. Thus the Orlov function m is the Cauchy
transform of the density py and therefore

mo4(x) — mo—(x) = —2imwpp(x), x € Iy. (117)
Note also that
f pox) dx = 1. (118)
Iy

The string equations (98) also provide useful information to determine the limiting
supports and the root densities. They imply

mo(z) = —H (po(2)), mi(z) = V'(¢;, 2) — H(pi(2)),
where p,(z) denote the g + 1 inverses of the map
q
v (1)
Wp)=Ep)=p+) ——,
k; p — ui(t)
such that
1 1
PO(Z)=Z+O<Z>, pi(Z)=u,~+O(Z>; as 7z — oo.

Therefore (114) and (117) reduce to
H(po+(x)) = H(pa—(x)) = 2impe (x), x € Iy (119)

23
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In general the limiting supports I, may consist of several disconnected segments
do
I, = U Lok
k=1

which, due to (119), constitute the branch cuts of the functions H (p,(z)). As a consequence
the end points of the segments /,; are the branch points of these functions, which are in turn
given by the critical points x; of the function z(p) = E(p)

xi = E(gi) € R, dpE(gi) = 0. (120

6.1. The Hermitian matrix model

For g = 1 the multiple orthogonal polynomials of type Il reduce to the orthogonal polynomials
on the real line associated with the weight function w = exp V (¢, z). These polynomials are
connected to the random matrix model of n x n Hermitian matrices [1, 2]

Z, = / dM exp(Tr V (e, M)), (121)

through the crucial relation
P, (z) = El[det(z — M)], (122)

where [E denotes the expectation value with respect to the probability measure determined
by (121). In the large-n limit the root density pg of the family of polynomials represents the
eigenvalue density of the matrix model.

The Hermitian matrix model provides an appropriate example to illustrate all the aspects
of our method for characterizing the quasiclassical limit. In this case we sete := 1/n, 1 =1
and we have

v
z2(p)=Ew,v,p)=p+ .
p—u

Here u# and v depend on the coupling constants ¢ = (cy, ¢, ...) and can be determined by
means of the hodograph equations (102—-103)

?g dp % dp Ve, E(p) = H(p) _
Yo Vi

—H(p) = —1, - 0.
| 2im p—u

2im
By introducing the change of variable p — u — p these equations are equivalent to the
well-known system [1]

dp _, v dp _, v
—Vile,ptu+—|) =-1, —V'|le,p+tu+—) =0, (123)
y 201 p y 21mp p

which characterizes the spherical limit in the Hermitian matrix model of 2D gravity. Here y
is a large positively oriented circle around the origin.
The critical points of E are g+ = u & /v, so that the support of eigenvalues is

I =[x_,x], xp = u£2/v. (124)
We use (119) to determine the density of eigenvalues according to
H (po+(x)) — H(po-(x)) = 2impo(x), x € [x—, x]. (125)

Furthermore, the two inverses of z(p) are

Po(2) == 5z +u+/(z —x)(z — x4)), pi1(2) =5 +u— /(2 = x)(z = x3))

(126)
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and we have

H(po(2)) = V' (¢, 2(P) (1,4) | p=po(2)-

Now, using the identities
v

=z—0p, p2=(u+z)p—zu—v,
p—u
it is clear that there exist polynomials o4 (z) and By (z) satisfying
@P) a0 lp=pe = (@) + Br(2) Po(2), @P) a0 lp=pi0 = @ + B @D p1(2).
127)
In particular, taking into account that
1 1
po(z)=z+(’)<—>, pl(z)=u+(9(z); as 7 — 00,
z
from (127) we deduce
k k
z z
ﬁk<z>=—< ) =—( ) , (128)
Po—DP1/g (z—x)zZ—x1) /g

where ()g means the projection of power series in z”, (n € Z) on the subspace generated by
Z", (n > 0). Hence it follows that

H(po(2) = Y ker(ar-1(2) + Bie1(2) po(2).

k>1

and therefore we obtain

1
p) = 2= D kerBi1 () (po- (¥) = po-(x)

k>1
__L V'(e, x) — —
T on <¢—<x—x)<x—x+)>@ (=)0 =0,

which represents the well-known eigenvalue density for the Hermitian model in the one-cut
case.

6.2. Gaussian models with an external source and non-intersecting Brownian motions

For ¢ > 1 the multiple orthogonal polynomials of type II are connected to the Gaussian
Hermitian matrix model with an external source term AM [6-9], where A is a fixed diagonal
n x n real matrix. The partition function of this model is given by

Z, = / dM exp (—Tr <%M2 - AM)) ) (129)

It turns out that if the eigenvalues of A are given by a;, (j =1, ..., ¢g) with multiplicities n ;,
then the expectation values
P(n, 7) = E[det(z — M)], n:=n,...,ny), (130)

are multiple orthogonal polynomials with respect to the Gaussian weights
1.2
w;(x) = exp (ajx —5X ) .
These matrix models are deeply connected to one-dimensional non-intersecting Brownian

motion [23-25]. More concretely, the joint probability density for the eigenvalues (A1, ..., A;)
of M is the same as the probability density at time ¢ € (0, 1) for the positions (x, ..., x;)
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of n non-intersecting Brownian motions starting at the origin at t = 0 and forming g groups
ending at ¢ fixed points b;, (i = 1, ..., g) att = 1. The corresponding dictionary is

x; !
Y p— — ar = b, —.
TSt =0 A Vi

We discuss next an example of application to the large-n limit of non-intersecting
Brownian motions [6-9] and rederive some of the results of [7]. We consider an even
number n non-intersecting Brownian motions ending at two points +b with ny = n, = n/2

[7]. In this case the slow variables take the values t; = t, = —1/2. Moreover, we have
z? z? t

V(C1,Z)=az—?, V(cz,z)=—az—3, a:=>b T

and
103 [ %)
z(p)=E(p)=p+ + ; H(p) = - - =p—z(p).
p—ur p—up p—ul p—u
(131)

Using the hodograph equations (104) one finds

uy=a, U = —a, v1=v2=%,
so that

3 2
p’+d—a’)p
wp) = —F—5.
p>—a

The corresponding algebraic function p = p(z) satisfies the Pastur equation [7, 26]

p3 — zp2 +(1— az)p+azz =0,
which defines a three-sheeted Riemann surface. The restrictions of p(z) to the three sheets
are the functions p,(z) characterized by the asymptotic behaviour

1 1
po(Z)=z+O<—>, p,-(z)zu,-+(9<—>, i=1,2; as 7 — 00.
z z

There are four critical points of z(p) which give rise to four branch points +x;, £x, in the
z-plane where

V1+48a%2+3 V1+48a%2 -3
XM= —F— = [y ———
V148a%2+1

_q2 ’
V148a%2 -1
1 1
6]1,22\/§+a2ﬂ:§v1+8a2.

Itis easy to see that x; is real for all a > 0, while x; isreal fora > 1 (x, < x;) and purely
imaginary for 0 < a < 1. Now, from (125) and taking into account that H(p) = p — z(p)
we deduce that the eigenvalue density is given by

1 1
po(x) = 2.—(H(Po+(X)) — H(po-(x)) = z—(po+(x) — po—(x)), x € Ip. (132)
i 2im

Using Cardano’s formula for py one finds

2x24+6(a? — 1) — V2(r(x) — Vr(x)? —4s(x)3)??

po(x) = ,
25/3\/§n\3/r(x) —Vr(x)? —4s(x)3
where
r(x) := —2x> + 18a%x + 9x, s(x) == x2+3@@*—1).

The form of the support Iy depends on the analytic properties of the function py(z) (see [6-9]):
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X

0.2 0.4 0.6 0.8 1.0

-05F

Figure 2. Limit support for Brownian motions with two symmetric endpoints for b = 1.

(This figure is in colour only in the electronic version)

Py Py
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- - X X
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2+ 02 r
0.1 1r
X X
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 3. The density of Brownian motions po(x) fora = 1/2,3/4, 1 and 3/2, respectively.

(a) For 0 < a < 1 the function py is analytic in C — [—xy, x1] and [y = [—xy, x1].
(b) For a > 1 the function pq is analytic in C — ([—x;, —x2] U [xp,x]) and [y =
[—x1, —x2] U [x2, x1].

Figures 2 and 3 illustrate the evolution of the support and the density of Brownian motions.
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